We continue to study the BPS spectrum of the N = (2, 2) CP N −1 model with the Z N -symmetric twisted mass terms. We focus on analysis of the "extra" towers found previously in [1] , and compare them to the states that can be identified in the quasiclassical domain. Exact analysis of the strong-coupling states shows that not all of them survive when passing to the weak-coupling domain. Some of the states decay on the curves of the marginal stability (CMS). Thus, not all strong-coupling states can be analytically continued to weak coupling to match the observable bound states.
Introduction
The observation of the exact nonperturbative coincidence between the BPS spectrum of the kinks in the two-dimensional CP N −1 models with twisted masses and the BPS spectrum of the monopole-dyons in the four-dimensional Seiberg-Witten solution [2] dates back to 1998 [3] . On the four-dimensional side this coincidence is for a particular vacuum of N = 2 supersymmetric QCD with gauge group U(N) in which a maximal number r = N of quark flavors condense. This observation was understood and interpreted in clear-cut physical terms after the discovery of the non-Abelian strings [4, 5] in the r = N Higgs vacuum of N = 2 Yang-Mills and the discovery of confined monopoles attached to them [6, 7] (represented by kinks in the effective theory on the string world sheet). It is crucial that the monopole-dyon mass on the Coulomb branch of super QCD in the r = N vacuum is given by the same formula as the mass in the presence of the Fayet-Iliopoulos term. The underlying reason was explained in [6, 7] . The above results set the stage for the development of the 2D-4D correspondence in this particular problem.
An immediate consequence of the spectral coincidence in two and four dimensions (in the Bogomol'nyi-Prasad-Sommerfield [8] , BPS for short, sectors) is the coincidence of the curves of marginal stability (CMS) or the wall crossings. These curves, being established in two dimensions for kinks can be immediately elevated to four dimensions, for monopole-dyons. Generally speaking, for non-Abelian strings in the SU(N) gauge theories there are N appropriate mass parameters. Correspondingly, there are N twisted mass parameters in the two-dimensional CP N −1 models (considered in the gauged formulation). Each mass parameter is a complex number. Therefore, in the general case one has to deal with highly multidimensional wall crossings.
In [9] it was pointed out that extremely beneficial for various physical applications was a special choice m k = m 0 · e 2πik/N , k = 0 , 1 , ... , N − 1 , (1.1) preserving a discrete Z N symmetry of the model. Then there is only one adjustable mass parameter m 0 , and the wall crossings reduce to a number of CMS on the complex plane of m 0 . We will refer to (1.1) as the Z N symmetric masses. These CMS were studied several times in the past. For CP 1 the result was found in [10] . In this case the solution is clear and simple; no questions as to its validity arise. A more contrived case of CP N −1 (with N ≥ 3) was addressed in [11, 1] . A detailed study carried out in [1] revealed the existence of a richer kink spectrum than was originally anticipated [3] . In particular, the existence of N − 1 towers was argued replacing a single tower discussed in [3] . However, shortly after, we realized that we had analyzed only necessary conditions for these towers to exist, leaving the sufficient conditions aside. In this paper we close this gap. In the weak-coupling sector, we find that, although (based on the analyses of the central charges) N − 1 towers could exist, in fact, the sufficient conditions are met only for two towers for odd N and a single tower for even N. A generic form of the sufficient conditions were discussed long ago [12] . The second tower for odd N appears as a collection of bound states of the appropriate kinks with a quantum of an elementary excitation carrying no topological number. In four-dimensional language this is a bound state of a monopole with (s)quark/gauge boson.
The "extra" strong-coupling states identified previously do not survive when passing from strong coupling into the weak coupling. This is so for CP N −1 with even N as there are no corresponding bound states. In addition, we showed that for N = 3 the only extra state decays in passing from strong to weak coupling. Two other strong-coupling states form the basis for the first tower. The second tower appears only at weak coupling and decays in passing from weak to strong coupling. It is plausible to conclude that for generic N the "extra" states at strong coupling and the extra tower of bound states at weak coupling are independent.
On the four-dimensional side the general theory of the wall crossing was worked out in [13] . Its consequences for the monopole-dyons in the case of the Z N symmetric masses (1.1) are studied in 1 [14] . Our task is to analyze the kink spectrum and the corresponding CMS in two dimensions, taking account of the sufficient conditions mentioned above, and compare the result with that in four dimensions, thus demonstrating the power of 2D-4D correspondence. We should emphasize that the CMS pattern for N = 3 is much more contrived than that for N = 2.
Our strategy will be as follows. We will focus on the first nontrivial case, namely CP 2 model, in which we will carry out a complete quasiclassical analysis of the kink (dyon) bound states with elementary excitation quanta at large masses. We then determine all relevant curves of marginal stability and explain the survival of three Hori-Vafa [15] states in the physical spectrum at small (or vanishing) twisted masses.
Then we will generalize the lessons obtained in CP 2 to higher values of N. The paper is organized as follows. Section 2 describes the general setting and formulation of the problem and outlines some facts known from the previous investigations. In Section 3 we present an exhaustive analysis of the Veneziano-Yankielowicz superpotential (which is exact in the given problem) -namely we study its analytical properties, find the Argyres-Douglas points and so on. Section 4 presents a thorough analysis of the quasiclassical limit (large mass terms). This is the domain of weak coupling. Here we explicitly built the kinks in the CP N model, and identify the bound states of the kinks with the elementary quanta. Section 5 is devoted to the study of the BPS-sector spectrum and the curves of the marginal stability in the CP N model with Z 3 symmetric twisted masses.
2D -4D Correspondence and Preliminaries

2D -4D correspondence
As was shown in [3] , the BPS spectrum of dyons (at the singular point on the Coulomb branch in which N quarks become massless) in the four-dimensional N = 2 supersymmetric QCD with gauge group U(N) and N f = N fundamental flavors (quarks), identically coincides with the BPS spectrum in the two-dimensional twisted-mass deformed CP(N − 1) model. The reason for this coincidence was revealed in [6, 7] . Here we briefly review this coincidence. Non-Abelian strings [4, 5] were first found in N = 2 supersymmetric QCD with gauge group U(N) and N f = N quarks with a Fayet-Iliopoulos term ξ, see [16, 17, 18, 19] for a review. They were found in a particular vacuum where the maximal number of quarks r = N condense (at non-zero ξ). In this vacuum the scalar quarks (squarks) develop condensate which results in the spontaneous breaking of both the gauge U(N) group and flavor (global) SU(N f = N) group, leaving unbroken a diagonal global SU(N) C+F ,
Thus, a color-flavor locking takes place in the vacuum. The presence of the global SU(N) C+F group is a key reason for the formation of non-Abelian strings whose main feature is the occurrence of orientational zero modes associated with rotations of the flux inside the SU(N) C+F group. Dynamics of these orientational moduli are described by the effective two-dimensional N = (2, 2) supersymmetric CP(N − 1) model on the string world sheet [4, 5, 6, 7] . N = 2 supersymmetric QCD also has adjoint scalar fields which along with the gauge fields form the N = 2 vector supermultiplet. These adjoint scalars develop VEVs as well, Higgsing the gauge U(N) group down to its maximal Abelian subgroup if quark masses chosen to be different. This ensures existence of the conventional 't Hooft-Polyakov monopoles in the theory. The squark condensates then break the gauge U(N) group completely, Higgsing all gauge bosons. Since the gauge group is fully Higgsed the 't Hooft-Polyakov monopoles are confined. In fact, in the U(N) gauge theories they are presented by junctions of two different elementary nonAbelian strings. Since N elementary non-Abelian strings correspond to N vacua of the world-sheet theory, the confined monopoles of the bulk theory are seen as kinks in the world-sheet theory [20, 6, 7] .
Although the 't Hooft-Polyakov monopole on the Coulomb branch looks very different from the string junction of the theory in the Higgs regime, amazingly, their masses are the same [6, 7] . This is due to the fact that the mass of the BPS states (the string junction is a 1/4-BPS state) cannot depend on ξ because ξ is a nonholomorphic parameter. Since the confined monopole emerges in the world-sheet theory as a kink, the Seiberg-Witten formula for its mass should coincide with the exact result for the kink mass in two-dimensional N = 2 twisted-mass deformed CP(N −1) model, which is the world-sheet theory for the non-Abelian string in the bulk theory with N f = N. Thus, we arrive at the statement of coincidence of the BPS spectra in both theories.
Preliminaries
In our previous paper [1] for the sake of defining the spectrum we introduced a function U 0 (m 0 ),
which we argued to be a single-valued quantity in a physical region of the mass parameter m 0 . The Z N invariance divides the complex plane of m 0 into N physically equivalent sectors, each having the angle 2π/N. Each sector covers the entire complex plane of m N 0 . It follows, say, from the θ dependence that m N 0 is the appropriate physical parameter.
We demonstrated that the mirror-symmetry analysis requires N states to exist at strong coupling, with the central charges
We argued that continuations of these states to weak coupling should be promoted to "towers" corresponding to nonminimal values of the U (1) 
Exact Analysis
In the N = 2 supersymmetric CP N −1 theory one has the exact superpotential which describes the entire BPS spectrum nonperturbatively. It is given by [21, 22, 23, 24] 
In this normalization the vacuum values of the superpotential take the form
Here and in the remainder of this paper we put the (nonperturbative) dynamical scale parameter Λ to one. In Eq. (3.2), σ p is the position of the p-th vacuum. In our case of the Z N -symmetric twisted masses, the vacua sit at
All these quantities become functions of a single parameter m 0 . The spectrum, i.e. the central charges of both perturbative and nonperturbative states, is given by the differences of the vacuum values of the superpotential. The masses of the elementary BPS kinks will be given by the differences of the superpotential in two neighbouring vacua. Because of the Z N symmetry of the problem one can always choose the latter to be the 0 th and the 1 st vacua, i.e. p = 0, 1. The masses of the elementary states (i.e. states with no topological charge) are obtained as differences of the superpotential in the same vacua, but with the mass parameter m 0 sitting on different branches of the relevant logarithms.
The problem with these expressions, as emphasized in [24, 25, 1] , is in their multivaluedness. This appears both in the logarithms in Eq. (3.2) as well as in the N-th root in Eq. (3.3). The correct handling of the superpotential involves analysis of the whole complex manifold of the mass parameter. In the case of a general N such a manifold can have a rather complicated structure. We make a few general statements regarding the superpotential in the CP N −1 model, and then pass to building the entire complex manifold in the case of CP 2 .
3.1 Prerequisites: "smart" and "silly" logarithms
As was pointed out, the expression for W(σ 0 ) is quite ambiguous. Even more so is the expression for the difference
which describes the physical masses of the BPS states. We need to correctly pin-point what is understood when we speak of logarithms and N-th roots in our expressions. We can picture two schemes how one can do this. We repeat that the entire spectrum is contained in the multivalued expression (3.4). The mass parameter m 0 can travel through different branches of the logarithms, and, in the first approach, the latter change as continuous functions. Indeed, the logarithms defined on multiple branches do not have any discontinuities; this is the reason why the branches are introduced in the first place. These are the "smart" logarithms, which are supposed to give us all physical states. They are even slightly "smarter" than ordinary multibranched logarithms, since they also should tell us which states obtained in this way are physically stable and which are not.
Such quantities are difficult to deal with. The other approach to handle the multivaluedness is, as usual, to introduce branch cuts on a single complex plane. We adopt the following definition of the function log x:
We draw a branch cut of this logarithm to extend from the origin to the negative infinity, branch cut: 6) and put the argument of complex variable to be in the usual domain,
This function is defined on a single complex plane and it does not know about various branches. For this reason such quantities can be called "silly" logarithms. Whenever x passes to a different branch, one needs to add a 2πi explicitly. These logarithms have a discontinuity across the branch cut.
To an extent a similar statement applies to the definition of σ p . We define the physical branch of the N-th power root by insisting that at large values of the twisted masses, the vacua σ p take on their (quasi)classical values,
Stepping out of that branch leads to the same spectrum obtained with a permutation of the vacua. In this sense, all N branches of the N-th power root are "physical", but they all have the same spectra, just the vacua re-named. Although in principle, the analysis of the whole complex manifold should include all physically equivalent branches of the root, we do not do this, limiting ourselves to a single physical branch.
We denote the N-root as a function on a single complex plane,
and define
The branch cuts of this root in the m 0 plane should be drawn in such a way as to preserve the classical relation (3.8).
We reiterate that the physical values of the central charge
are given by the "smart" logarithms in the functions W(σ). In the remainder of the paper, however, we will define the superpotential W(σ p )
as a function of "silly" logarithms. For each moduli manifold, we therefore will need to introduce a set of branch cuts and specify how the logarithms should jump in order to account for passing onto a different branch. Each such jump, proportional to the mass m j , should imitate the "smart" logarithm, which is continuous. The jump is introduced precisely to compensate for the discontinuity of the "silly" logarithms.
As defined, the function (3.12) does not know which branch we are currently sitting on. Therefore, we will need to also specify a reference point from which we start accounting. All the rest places of the manifold are reached by passing from this reference point along a contour. While passing along the contour, we pick up all the jumps that occur on the "edges" of branches, while, again, (3.12) does not know that we are in fact jumping from branch to branch.
Complex manifold of m in CP
The complex manifold for a general CP N −1 case will be rather complicated and include multiple branch cuts of the logarithms. We do not perform a full analysis of all such manifolds, which will also depend on the parity of N. But we still make a few general statements regarding these manifolds and the behaviour of function W(σ p ). For simplicity, we denote it as 13) and always remember that it is a function of m 0 . Figure 1 shows a schematic appearance of a moduli space in CP N −1 . The complex plane is diced by various branch cuts of the logarithms. Solid lines sketch the logarithmic branch cuts, dashed lines show the branch cuts of the N-root in σ. We immediately comment that the logarithm branch cuts are non-compact, i.e. they extend from infinity to infinity. This is related to the fact that the logarithms depend on combinations σ p − m j , rather than just on masses m j themselves. Branch cuts appear in the places where these differences become real and negative. As such differences never vanish for finite m 0 , the branch cuts may terminate only at infinity. In general, each branch cut is shared by multiple logarithms.
There are N Argyres-Douglas (AD) points [26] which are located at positions
The reason for the particular numbering of the AD points shown in the figure will become clear in just a moment. The points are enclosed by "cups" of hyperbolicshaped logarithmic branch cuts. There are also N − 1 branch cuts of the N-root coming from the definition of σ p (3.3). They can be chosen so as to connect the AD points, as shown by the dashed lines. As one crosses such a branch cut, the phase of each σ p experiences a jump, coherent to classical relation (3. shift will be σ p → σ p−2 . Following further counter-clockwise, if one crosses the k-th branch cut that connects AD N −k to AD N −k+1 when passing from the inside outside, the vacua shift by k turns
In accord with this, a branch cut of logarithm log (σ p − m j ) turns into a branch cut of log (σ p±k − m j ) after it crosses the k-th branch cut of σ. The plus or minus sign will of course depend on the direction of this crossing. The branch cut of log (σ p − m j ) itself comes off the physical plane. For what follows, it is convenient to deform the branch cuts of σ so that they almost touch the origin. Each cut will start from an AD point, come infinitesimally close to the origin in a straight line, then turn around and follow to the other AD point also in a straight line, this way making a letter "v". The system of the σ branch cuts will then form a star with the center at the origin, as sketched in Fig. 2 . The convenience of such a configuration of cuts now shows up in a simple relation,
That is, as m 0 jumps from one "sector" to another, the phase of σ p jumps accordingly. That this is so at the weak coupling |m 0 | ≫ 1 is not a surprise, but a consequence of Eq. (3.8). In the region of small m 0 , however, this did not have to be so, and we have had to arrange the branch cuts in a special way so that relation (3.16) is retained.
Besides introducing the branch cuts, we also need to specify a reference point from which we start counting the central charge. We notice that, any AD point would do in particular. Say we pick AD (p) . Then we automatically define the central charge of an elementary kink to vanish at AD (p) , just because all σ's are equal at an AD point. The value of the central charge in other places, in particular at other AD points, is obtained by following a path connecting the reference point and the destination point, and accounting for the branch cuts along the way. The central charge of a kink will not vanish at other AD points.
Since our problem has a Z N symmetry, the complex plane of m 0 is split into N equivalent physical regions. Each physical region contains exactly one AD point. It does not matter where to start measuring the regions from. Because of the different branch cuts, the regions might seem non-equivalent to each other. The equivalence is of course reflected in the coincidence of the physical spectra in all these regions.
The description of the complex space given above is enough for us to introduce two relations which have direct connection to Z N symmetry of the theory. We notice that the superpotential
seemingly has a Z N symmetry of its vacuum values. Is it true indeed that the vacuum values of W sit on a circle? The answer is no. Instead, the differences of the vacuum values do,
Similar relations for the vacuum values themselves depend on the location in the moduli space. For us, immediate vicinities of the AD points are important reference locations. The branch cuts of the logarithms form "cups" around each of the AD points. Inside each of the cup, the following relations can be inferred, 19) and Here s = 0 for AD (0) , s = 1 for AD (1) etc, gives the numeration to AD points as shown in Fig. 1 .
As an application, Eq. (3.19) immediately gives us the values of W p at AD points. Indeed, at any such point σ p = 0 and so all W p are equal. Therefore,
The right hand side is different for all AD points, seemingly. Upon a closer look, the value of m s at the s-th AD point is independent of s and equals |m 0 | e iπ/N .
The moduli space of CP 2
The moduli space in the case of CP 2 is shown in Fig. 3 . It has hyperbolic branch cuts of the logarithms, determined by the equation
The branch cuts belonging to the physical plane are marked with subscripts which identify them to their respective logarithms. The (+) or (−) signs indicate the change (+2πi or −2πi) of a logarithm when its branch cut is crossed counter-clockwise. Note that each line is a branch cut of two different logarithms. The branch cuts of σ, as discussed previously, can be chosen to connect the AD points. As one crosses a branch cut of σ from right to left (indicated by arrows in Fig. 3 ), the phase of each σ p shifts by e +2πi/3 on the upper cut, and by e −2πi/3 on the lower cut. Somewhat counter-intuitively, this shifts σ p → σ p−1 and σ p → σ p+1 , see Eq. (3.15). Consequently, as logarithm lines cross the σ branch cuts, they turn into branch cuts of other logarithms, in accord with Eq. (3.15).
As discussed earlier, the logarithmic cuts form cups around the AD points. Inside these cups, the following relations hold for the vacuum values of the superpotential,
and
Everywhere outside these cups, the superpotential values are sitting on the circle,
In particular, this is true on the real positive axis. This circumstance is very helpful in identifying the states seen as kinks in the mirror description. At this point we do not have yet an exact prescription how to choose a reference point. As we mentioned earlier, it is convenient to choose an AD point as reference. In fact all N AD points are equivalent and we can pick any of them. The "star" of the cubic-root branch cuts however gives us an area −π < Arg m 0 < π free of cuts, which suggests us picking AD (0) or AD (1) . To consider other AD points as reference points, one would need to rotate the "star" of σ-branch cuts so that a corresponding region becomes free of cuts. This is not difficult, but not necessary either. So let us pick the reference point to be AD (0) ,
We will justify this choice later. A state with the topological charge
becomes massless at this point. We shall denote this state with letter M to symbolize its resemblance with the four-dimensional monopole. Such an interpretation will also be justified later in the paper. The central charge of this state is given by
This relation holds in the vicinity of AD (0) . The central charge of this state on the real positive line is given by
Although seemingly disconnected, the two functions (3.28) and (3.29) continuously turn into each other. There are also dyonic states which are known to exist quasiclassically,
where n is an integer, and S denotes the set of U(1) charges. The central charges of such states are given by
This equation is valid near AD (0) . We denote these dyonic states by D (n) . We remind again that there are three physically equivalent regions, each one containing an AD point. The monodromies of the moduli space work in such a way that as one passes from one physical region to the next one counter-clockwise, the difference W 1 − W 0 gains one unit of the U(1) charge,
Since the M state becomes massless at AD (0) , the state D (1) will become massless at AD (1) , and the state D (−1) at AD (2) . The paths connecting the initial point AD (0) and the destination points AD (1) and AD (2) lie outside the unit circle region, and extend clockwise and counter-clockwise correspondingly. If we further extend these paths through their AD points and into the circle towards the origin, the masses of the states will become
Now if take the M state and push it through the point AD (0) towards the origin, its mass will become W 1 − W 0 + i m 0 , again, because of the branch cuts. All three states therefore can be written as
Since in the area near the origin W 1 = e 2πi/3 W 0 , we obtain all three states predicted by the mirror theory,
To clarify, these states are not the original dyonic states D (n) with n = − 1, 0 and 1. They would be such if we had followed one and the same path for all three states from AD (0) to the origin, while we followed different paths. The procedure that we have done shows how the monodromies can be used to construct the spectrum seen in the mirror representation.
We have prepared a mathematical "background" describing the moduli space and correctly introduced the superpotential functions. We have also written out the three states existing at strong coupling as predicted by mirror symmetry.
We now can analyze the CP N −1 and, in particular, CP 2 problems quasiclassically, and connect quasi-classical relations to the large-m expansion of exact functions W(σ). This will enable us to establish the quantum numbers of both the weak-and strong-coupling states. We also will be able to build the spectrum of the bound states at weak coupling.
Quasiclassical Limit
Strong-coupling analysis by means of mirror symmetry predicts that in the neighbourhood of the origin there are N states. Can they be seen quasiclassically? The final answer will be given in Section 5. It turns out that not all strong-coupling states exist in quasiclassics, while new, bound states appear. In this section we review the problem of finding the corresponding states at weak coupling, and reconfirm the result of [3] . In the case of Z N symmetric masses the result proves the existence of one bound state of a kink and an elementary quantum ψ k with k = (N + 1)/2 in the case when N is odd. Quantization of the U(1) coordinate of the kink then raises a tower of bound states of dyonic kinks and the elementary quantum. There are no bound states at weak coupling when N is even.
The central charge
The classical expression for the central charge has two contributions [10] : the Noether and the topological terms,
where M a are the twisted masses (in the geometric formulation),
m a (a = 1, 2, ..., N) are the masses in the gauge formulation, and the operator O consists of two parts -canonical and anomalous,
3)
4)
Moreover, the Noether charges q a can be obtained from
in the geometric representation, and Figure 4 : Tadpoles contributing to the topological term O.
in the gauged formulation. Here
and a similar expression for the overbarred indices. Finally, D a are the Killing potentials,
The generators T a always pick up the a-th component. In this expression,
is a popular alternative notation for the sigma model coupling. Note that Eq. (4.9) contains the bare coupling. It is clear that the one-loop correction must (and will) convert the bare coupling into the renormalized coupling. The anomalous part O anom is obtained at one loop. Therefore, in the one-loop approximation for the central charge it is sufficient to treat O anom in the lowest order. Moreover, the bifermion term in O anom plays a role only in the two-loop approximation. As a result, to calculate the central charge at one loop it is sufficient to analyze the one-loop correction to O canon . The latter is determined by the tadpole graphs in Fig 4. As usual, the simplest way to perform the calculation is to use the background field method. The part of the central charge under consideration is determined by the value of the fields at the spatial infinities. In the CP 2 model to be considered below there are three vacua and three possible ways of interpolation between them. All kinks are equivalent. We will be looking for the semi-classical expression for the central charge in the presence of the soliton interpolating between vacua (0) and (1)
That this is the right kink can be seen in the gauged formulation,
. . .
In this background, D a taken at the edges of the worldsheet yields just the coupling constant:
We will see that the one-loop corrected contribution to the central charge of the kink is
As for the Noether contribution, the quantization of the "angle" coordinate of the kink gives i n M 1 , (4.15) with q 1 = n an integer number. As for the other q k , the kink does not have fermionic zero-modes of ψ k with k = 2, 3, ... N − 1. However, we will argue that in the case of odd N there is a non-zero mode relevant to the problem of multiple towers that we consider (in fact, the existence of this nonzero mode was noted by Dorey et al. [12] ). This mode describes a bound state of the kink and a fermion ψ k for k = (N + 1)/2.
Semiclassical calculation of the central charge in CP 2
If the twisted masses M a satisfy the condition then we find ourselves at weak coupling where the one-loop calculation of the central charges will be sufficient for our purposes. This calculation can be carried out in a straightforward manner for all CP N −1 models, but for the sake of simplicity we will limit ourselves to CP 2 . Generalization to larger N is quite obvious. In CP 2 there are two twisted mass parameters, M 1 and M 2 , as shown in Fig. 5 . Accordingly, there are two U(1) charges, see Eq. (4.6). The Noether charges are not renormalized; therefore we will focus on the topological part represented by the Killing potentials, which are renormalized.
One-loop calculations are most easily performed using the background field method. For what follows it is important that φ where the ellipses stand for the terms irrelevant for our calculation. The Killing potentials can be expanded in the same way. Under the condition φ 2 b ≡ 0 we arrive at
Equation (4.19) implies that the Green's functions of the quantum fields are 
The first and second terms in the parentheses come from the φ This information allows us to obtain the contribution of the Killing potential to the central charge at one loop, namely,
Note that the renormalized coupling in the case at hand is [27] 1 This is not the end of the story, however. We must add to ∆ K Z a part of the central charge associated with the Noether terms in (4.1), which accounts for the quantization of the fermion zero modes as well as effects of the θ term. We postpone this until Section 4.3. At this point we are able to compare the quasi-classical central charge to the weak-coupling expansion of the exact formula.
Weak-coupling expansion
The exact central charge determining the BPS spectrum is given by the difference of the values of the superpotential in two vacua. As described in Section 3, the general formula adjusted for CP 2 is as follows [1] :
We also introduce a term i n M 1 for dyonic excitations. Overall, we expand
where the ellipsis represents suppressed terms fading out as inverse powers of the large mass parameter. Although for our purposes we pick m 0 to be real, expansion (4.27) is actually valid in the whole sector of
We have explicitly re-introduced the dynamical scale Λ, which we mark as a "nonperturbative" quantity, as being part of the exact superpotential. Various contributions are easy to identify in Eq. (4.27). The first term in the figure bracket can be identified with the running coupling constant. The second term comes from the anomaly. The third term is the real addition to the logarithm, and should be absorbed into the dynamical scale Λ. This way, matching with the quasiclassical calculation of the central charge is achieved:
The second term in Eq. (4.27) gives the contribution for dyonic excitations. Dyonic states with n = 0 only exist for k = 0 or k = 1 (the states with k = 1 differ from those with k = 0 by a shift of n).
Now taking into account relation (4.29) we see that the first term in the second line in (4.27) coincides with the quasiclassical expression for the topological contribution to the central charge (4.24) . Namely,
Generalizing this to arbitrary m 0 we conclude that the topological contribution to the central charge is exactly given by U 0 , namely 
we find that the two U(1) charges for the tower with k = 0 in (4.27) are
The appearance of fractional charges 1/3 (or 1/N for CP N −1 theory) is in accord with the results of [28] , where 1/N fractional charges were found for a similar class of two-dimensional models. Also note, that a fractional half-integer U(1) charge was identified in the CP 1 model in [10] . Identification of U 0 with the topological part of the central charge is also natural at strong coupling. At small m 0 we have three states with
If U 0 is identified with the topological contribution then the global charge contributions come symmetrically for all three states. In particular, it is known that in the limit m 0 → 0 these states fill a fundamental representation of SU(3). We re-write Eq. (4.27) for convenience as
where the coupling constant r is
Quasiclassical Kink Solution in CP 2
In this section we will briefly discuss the kink solution in CP 2 . In fact, the bosonic part (and its quantization), as well as the fermion zero mode in ψ 1 are the same as in CP 1 [18] . The crucial difference is the occurrence of a localized (but nonzero!) mode in ψ 2 .
Kink solution
In the classical kink solution the field φ 2 is not involved. The BPS equation for φ 1 is the same as in CP 1 , namely,
The solution of this equation can be written as
Here z 0 is the kink center while α is an arbitrary phase related to U(1) 1 . In fact, these two parameters enter only in a combination |m| z 0 + i α -the kink center is complexified. The effect of the modulus α explains the occurrence of n M 1 in the Noether part.
Quantization of the bosonic moduli
To carry out conventional quasiclassical quantization we, as usual, assume the moduli z 0 and α in Eq. (4.38) to be weakly time-dependent, substitute (4.38) into the bosonic part of the Lagrangian, integrate over z and arrive at
The first term is the classical kink mass, the second describes free motion of the kink along the z axis. The term in the braces is the most interesting. The variable α is compact. Its very existence is related to the exact U(1) symmetry of the model. The energy spectrum corresponding to α dynamics is quantized. It is not difficult to see that
where q U (1) is the U(1) charge of the soliton,
The U(1) charge of the kink is no longer integer in the presence of the θ term, as it is shifted by θ/(2π).
Fermions in quasiclassical consideration
First we will focus on the zero modes of ψ 1 in the kink background (4.38). The coefficients in front of the fermion zero modes will become (time-dependent) fermion moduli, for which we are going to build corresponding quantum mechanics. There are two such moduli,η and η.
The equations for the fermion zero modes are
(plus similar equations for ψ; since our operator is Hermitean we do not need to consider them separately).
It is not difficult to find solution to these equations, either directly, or using supersymmetry. Indeed, if we know the bosonic solution (4.38), its fermionic superpartner -and the fermion zero modes are such superpartners -is obtained from the bosonic one by those two supertransformations which act on φ, φ non-trivially. In this way we conclude that the functional form of the fermion zero mode must coincide with the functional form of the bosonic solution (4.38). Concretely,
where a numerical factor is introduced to ensure proper normalization of the quantummechanical Lagrangian. The other solution, which at large z asymptotically behaves as e 3 | M | (z − z 0 ) must be discarded as non-normalizable. Now, to perform quasiclassical quantization we follow the standard route: the moduli are assumed to be time-dependent, and we derive quantum mechanics of the moduli starting from the original Lagrangian. Substituting the kink solution and the fermion zero modes for ψ one gets
(4.45)
In the Hamiltonian approach the only remnants of the fermion moduli are the anticommutation relations
which tell us that the wave function is two-component (i.e. the kink supermultiplet is two-dimensional). One can implement Eq. (4.46) by choosing e.g. η = σ + , η = σ − .
Combining bosonic and fermionic moduli
Quantum dynamics of the kink at hand is summarized by the Hamiltonian
acting in the space of two-component wave functions. The variable ζ here is a complexified kink center,
For simplicity, we set the vacuum angle θ = 0 for the time being (it will be reinstated later).
The original field theory we deal with has four conserved supercharges. Two of them, Q and Q, act trivially in the critical kink sector. In moduli quantum mechanics they take the form
they do indeed vanish provided that the kink is at rest. The superalgebra describing kink quantum mechanics is { Q Q } = 2 H QM . This is nothing but Witten's N = 1 supersymmetric quantum mechanics (two supercharges). The realization we deal with is peculiar and distinct from that of Witten. Indeed, the standard Witten quantum mechanics includes one (real) bosonic degree of freedom and two fermionic, while we have two bosonic degrees of freedom, x 0 and α. Nevertheless, the superalgebra remains the same due to the fact that the bosonic coordinate is complexified. Finally, to conclude this section, let us calculate the U(1) charge of the kink states. Starting from the expression for the U(1) 1 current we substitute the fermion zero modes and get
(this is to be added to the bosonic part, Eq. (4.41)). Given that η = σ + and η = σ − we arrive at ∆q U(1) = 1 2 σ 3 . This means that the U(1) 1 charges of two kink states in the supermultiplet split from the value given in Eq. (4.41): one has the U(1)
3 To set the scale properly, so that the U(1) charge of the vacuum state vanishes, one must antisymmetrize the fermion current, ψ γ
If θ is zero, quantization of the fermionic moduli associated with the fermion zero modes produces a half-integer U(1) charge. Previously it was argued [28] that in the case at hand the minimal charge should be 1/N (e.g. in Section 4.2.1 we found 1/3 for CP 2 theory). Apparently for N > 2 the non-zero fermion modes should also play a role in the determination of the U(1) charges, but we will not dwell on this issue.
Bound States of ψ k
Our calculations here will in fact be applicable to CP N −1 with any N and arbitrarily set-up twisted masses. Bound states are described by non-zero fermionic modes. As we claimed, there is a localized non-zero mode in CP N −1 theory. To find the non-zero mode, we write out the linearized Dirac equations in the background of the φ 1 kink. For convenience, we rescale the variable z into a dimensionless variable s:
Then the kink takes the form
The masses will also turn dimensionless by the same factor,
written both for gauge and geometric formulations.
The linearized Dirac equations for the fermion ψ k with k > 1 then look as
Eigenvalue λ is zero for zero-modes, or gives the energy for non-zero modes. If one starts from the gauged formulation, one arrives at a simpler system, which can be obtained from the above one by a redefinition of the functions. In that system, function f (s) is absent from the first (kinetic) terms in both equations. That is, the conversion between the geometric and gauge formulations is precisely such as to remove the inhomogeneous term from the figure brackets,
This system does not allow normalizable zero modes. However, there is a normalizable non-zero mode with the energy given by the absolute value of
The mode is
It is straightforward to show that there exists a corresponding bosonic mode. The relevant part of the Lagrangian is,
The corresponding equations of motion are
Linearization of the equations of motion leads to the equation for the eigenmode φ k :
where k > 1. The solution is the same as for the fermionic mode,
with the corresponding eigenvalue
As we said, in this form the eigenmodes are actually correct for CP N −1 with arbitrary twisted masses, not necessarily with ones sitting on the circle.
That these modes are BPS can be seen from the expansion of the central charge 4.65) in the large coupling constant r. This is the central charge of the bound state of a fermion and the kink as discovered by Dorey et al. [12] , written semi-classically. The normalizability of the eigenmodes translates into
In the case of Z N symmetric masses m k , this condition is only met for k = (N +1)/2 when N is odd, and never met when N is even.
The Spectrum and CMS
In this section we will focus on the evolution of the BPS spectrum from weak to strong coupling (i.e. |m 0 | changing from infinity to zero), and in the opposite direction. We will discuss in detail how in CP 2 theory the weak coupling spectrum turns into the strong coupling one, as m 0 is taken from the periphery towards the center of the m 0 complex plane. The inverse way will of course involve the corresponding inverse processes, as well as a decay of a strong coupling state.
As was indicated earlier, in the vicinity of the center of the complex plane there are three states whose masses correspond to the absolute values of
If one uses Eq. (5.1) and naively extrapolates this formula to calculate the masses at large |m 0 |, e.g. through Eq. (4.35), one finds that the lightest state is
However, as we will show shortly, this state W 1 − W 0 + i m 2 hits a CMS at a certain domain at strong coupling and decays. Therefore, it does not exist at large |m 0 |, which is a blessing, because otherwise its mass would vanish somewhere between the strong and week coupling domains, an impossible event.
Among the two other states, the lightest is
which is natural to identify with the monopole (M) of the four-dimensional theory. If we use Eq. (4.35) (a valid procedure in this case), to extrapolate to large |m 0 |, we will see that this state lies at the bottom of one of the two towers existing in the quasiclassical domain, namely of the tower that had been originally identified in [3] . Let us call it the A tower. It has a unit topological charge, while the charges with respect to the two U(1)'s are fractional, see (4.33) . Note that Eq. (5.2) precisely agrees with Eq. (3.28) if the branch cuts are taken into account. This justifies our identification of the monopole in Eq. (3.28) and choosing AD (0) as the reference point. We will return to this discussion below. The remaining third state in (5.1), with k = 1, will be a dyonic state belonging to the same A tower, with a larger U(1) charge and thus, heavier at weak coupling.
If we introduce the quantities (upon extrapolation to weak coupling). The first state will be identified as the dyon in four-dimensions. It is tempting to say that the second state in (5.4) lies at the bottom of the second tower which will be referred to as the B tower. However, this is not the case. In fact, we were preoccupied with this scenario for some time. The continuation of V 2 to weak coupling does not exist. The second tower B detected at weak coupling [1] , is not analytically connected with V 2 . When |m 0 | decreases, the B tower encounters multiple CMS and disappears before reaching the strong coupling domain. Similarly, the state V 2 decays on the way from strong to weak coupling. For convenience, we will use the same four-dimensional monopole-dyon nomenclature in two dimensions as well. Thus, we call the kink with the minimal U(1) charge a monopole M, the state Q ik a quark and the state D a dyon.
If one takes the states (5.1) from the middle of the complex plane to the different AD points (see Fig. 3 ), each of them will become massless at precisely one of these points. Namely, for each state in Eq. We conclude that we should choose precisely this AD point as a reference point, in the sense described in Section 3. We make this choice because we want the mass of the lightest state to vanish at the reference point. Its central charge in the area near this AD point is given by the difference of the superpotentials. As we have noticed, the logarithm branch cuts give the monopole M different expressions in terms of W k in different parts of the physical area, see e.g. Eqs. (3.28) and (5.2). Following [1] we introduce an analytical continuation of M from AD (0) into the whole physical area,
The function on the right hand side is continuous as W 0 does not have branch cuts in the physical region, see Fig. 3 . We can now proceed to the classification of the states. So far we considered the elementary kinks interpolating between the vacua (0) and (1) . The spectrum of the other kinks which interpolate between the vacua (0), (1) and (2) is identical due to Z 3 symmetry. Although the masses of these other kinks will match our (0) → (1) spectrum, their central charges will be different as complex numbers. This circumstance will appear important below. For this reason, we now need to expand our analysis and include all possible elementary kinks 12) which is just a generalization of Eq. (5.4). Their masses at weak coupling are given by Eq. (4.35). Let us check that this is the case.
Such a state will not be lighter than the monopole. Therefore, at weak coupling the spectrum includes the bound states 18) as well as their dyonic excitations D (n) 10 Q 02 .
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Then at weak coupling the spectrum can be summarized as,
The spectrum (5.19) must change to (5.10) on the way from weak coupling to strong coupling. In particular, the elementary quanta, dyons with n = 0 and 1, and all dyonic bound states must decay on their decay curves.
Let us start from the elementary quanta. They decay via the reaction
This condition, stated algebraically, means that the central charge of the "monopole" is parallel to that of the elementary quantum, 21) and this way gives us the usual "primary" CMS curve which passes through the AD point, see 
ik . In the region of the curve in Fig. 6 , the elementary quantum is heavier than both the monopole and the "first" dyon. These latter states are the lightest, they do not decay and become the strong coupling states k = 0 and k = 1 of Eq. (5.1).
All other dyons D (n) ik with n = 0 or 1 are heavier than the monopole and quarks and can decay in the mode and the cyclic permutations for the other two Z 3 sectors. The corresponding curve forms a spiral that starts out from the AD point and winds outwards counterclockwise direction. This occurs not to be a closed curve! As one makes one coil following the spiral around the complex plane, a monodromy equal to one "unit" of U(1) charge is gained,
This shifts all dyons up by one unit
Therefore, the next coil of the spiral is the decay line of the higher dyon. Going further on, the successive coils of the spiral correspond to the dyons with higher and higher U(1) numbers. Ultimately, when one steps out from the center of the plane far enough, one comes to weak coupling, where ideally the bound states, as seen in quasiclassics, are stable and could not decay. The quasiclassical treatment assumes that the kink mass is dominated by a large logarithm, with everything else suppressed by powers of the coupling constant
Here E is given in Eqs. (4.64) and (5.16) and includes the "binding energy". For arbitrary large m 0 , there however always exists such n, that the dyonic contribution to the central charge is comparable to the large logarithm n ∼ r, 27) and such an expansion cannot be performed. Quasi-classical approximation is only applicable when n ≪ log | m 0 | . (5.28)
We can see that for the corresponding dyonic states the quasiclassical treatment does not apply on the spiral curve, and they can decay. From the condition n ∼ log |m 0 | one immediately finds that the spiral expands exponentially with the dyon number n. In a logarithmic picture, the spiral has a regular appearance winding out linearly with n, see Here we use bars to denote the anti-states. The two states on the right hand side are two light states at strong coupling -a monopole and a dyon -taken from different topological sectors. The curve corresponding to (5.30) is shown in Fig. 8 . We have found all decay curves for the weak-coupling states which are not part of the strong coupling spectrum. Now, going the other way, at strong coupling there is an extra state V 2 10 which, as we argued, cannot be identified with any bound state at the weak coupling. Indeed, this state does not make it to weak coupling and decays via V Its decay curve is shown in Fig. 9 and complements the primary curve by forming an inner loop. Note that the decay modes (5.30) and (5.31) are precisely the reason why we had to include all three Z 3 topological sectors and introduce the lower indices for the kinks M ik . We present a collective picture of the decay curves in Fig. 10 , which includes the spirals, the primary curve with an inner loop, and a curve for the decay of D Q (1) . The strong coupling spectrum (5.1) is recovered in the middle of the inner-most curve. 
Conclusion
We have re-examined the problem of the BPS spectrum in CP N −1 theory with twisted masses. Our previous analysis [1] revealed the existence of extra states which were not discussed before. It was not fully clear, however, how the states seen at strong coupling were related to those detected in the weak coupling domain. Now we trace their relationship in a detailed way.
First we confirmed that at weak coupling, out of N possible towers, only two (odd N) or one (even N) are realized dynamically. More exactly this statement can be formulated as follows. A quasiclassical analysis of the kink bound states shows that in our set-up with the Z N symmetric masses there is only one extra tower of states which was not known to exist in the case of odd N, and no towers for even N.
For N = 3 we identified two towers at weak coupling and clarified their dynamical origin. Three states existing at strong coupling evolve (as we move towards the weak coupling) as follows. Two states form the foundation of the tower A. The third, "extra" state encounters a CMS and decays before reaching the weak coupling region.
Although we did not perform a thorough analysis for arbitrary N, we expect that in the general case the N − 2 extra states do not reach weak coupling as well. Indeed, for all even N it is argued that there are no bound states they could be identified with. It is reasonable to assume that the extra states decay for CP N −1 with arbitrary N.
In CP 2 theory, the tower B does not decay on a single curve, as was the case in CP 1 , but rather, each excited state of the tower decays on its designated branch of a spiral curve. The elementary states, which correspond to quarks/gauge bosons in four dimensions, decay on the primary CMS. We expect a similar picture to take place for CP N −1 with a general odd N. Even more generally, the condition (4.66) is not as restricting in a theory with arbitrary distributed twisted masses. Multiple towers of bound states may exist at weak coupling, both for even and odd N. Speaking of the wall crossings in terms of the decay curves becomes impractical, however.
The correspondence between the spectra of the two-dimensional sigma model and four-dimensional U(N) QCD in the r = N Higgs vacuum elevates this picture to four dimensions. The bound states of kinks and elementary quanta which exist for odd N correspond to bound states of dyons and quarks. The extra states at strong coupling decay before reaching the weak coupling domain and cannot be described quasiclassically.
